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The Volume Integral Equation in dielectric scattering

Ω⊂ R3: bounded domain

η ∈ C1(Ω): “dielectric contrast”

gk (x)=
eik |x |

4π|x |
: fundamental solution of Helmholtz equation

The VIE in Ω

u(x)−∇x

∫
Ω
η(y)∇y gk (x−y) ·u(y)dy +k2

∫
Ω
η(y)gk (x−y)u(y)dy = f (x)

(
1−Aη

)
u = f
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The Volume Integral Operator

The VIO

Aηu(x) = ∇x

∫
Ω
∇y gk (x−y) · (ηu)(y)dy −k2

∫
Ω

gk (x−y)(ηu)(y)dy

The Problem: Spektrum of Aη ?

Known: For “physically reasonable” material coefficients and
domains, the integral equation always has a unique solution.

Simple observations:
Aη maps boundedly : L2(Ω) to L2(Ω)

(not compactly !) H(curl,Ω) to H(curl,Ω)
H(div,Ω) to H(div,Ω)

Lemma 1

∀u ∈ L2(Ω) : divAηu = div(ηu) in Ω
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A numerical spectrum [from J. Rahola SIJSC 2000]

EIGENVALUES OF SCATTERING INTEGRAL OPERATOR 1743
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Fig. 3.1. Eigenvalues of the coefficient matrix for a spherical scatterer of radius kr = 1 and
refractive index m = 1.4 + 0.05i. The sphere is discretized with 136 computational cells (upper) and
480 computational cells (lower).

4. Spectrum of the integral operator. In this section we will explain what
is meant by the spectrum of a linear operator, how to compute points in the spectrum
of the scattering integral operator, and how they correspond to the eigenvalues of the
coefficient matrix of the discretized problem.

The spectrum of a linear operator T is the set of points z in the complex plane
for which the operator T − z1 does not have an inverse operator that is a bounded
linear operator defined everywhere. Here 1 stands for the identity operator.

A matrix is the prototype of a finite-dimensional linear operator. The spectrum
of a matrix is exactly the set of its eigenvalues, that is, the point spectrum. In the
rest of this paper, we reserve the word “spectrum” only for the infinite-dimensional
integral operator and talk only about eigenvalues of matrices. For an eigenvalue λ,
there exists an eigenvector x such that Ax = λx, and thus the matrix A − λI is
singular and not invertible.

η = 1−m2 =−0.9575−0.14i : line ∼ 1−η .[0,1]
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4. Spectrum of the integral operator. In this section we will explain what
is meant by the spectrum of a linear operator, how to compute points in the spectrum
of the scattering integral operator, and how they correspond to the eigenvalues of the
coefficient matrix of the discretized problem.

The spectrum of a linear operator T is the set of points z in the complex plane
for which the operator T − z1 does not have an inverse operator that is a bounded
linear operator defined everywhere. Here 1 stands for the identity operator.

A matrix is the prototype of a finite-dimensional linear operator. The spectrum
of a matrix is exactly the set of its eigenvalues, that is, the point spectrum. In the
rest of this paper, we reserve the word “spectrum” only for the infinite-dimensional
integral operator and talk only about eigenvalues of matrices. For an eigenvalue λ,
there exists an eigenvector x such that Ax = λx, and thus the matrix A − λI is
singular and not invertible.

η = 1−m2 =−0.9575−0.14i : line ∼ 1−η .[0,1]

Conjecture (for η = 1)

σess(A1) = [0,1]
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4. Spectrum of the integral operator. In this section we will explain what
is meant by the spectrum of a linear operator, how to compute points in the spectrum
of the scattering integral operator, and how they correspond to the eigenvalues of the
coefficient matrix of the discretized problem.

The spectrum of a linear operator T is the set of points z in the complex plane
for which the operator T − z1 does not have an inverse operator that is a bounded
linear operator defined everywhere. Here 1 stands for the identity operator.

A matrix is the prototype of a finite-dimensional linear operator. The spectrum
of a matrix is exactly the set of its eigenvalues, that is, the point spectrum. In the
rest of this paper, we reserve the word “spectrum” only for the infinite-dimensional
integral operator and talk only about eigenvalues of matrices. For an eigenvalue λ,
there exists an eigenvector x such that Ax = λx, and thus the matrix A − λI is
singular and not invertible.

η = 1−m2 =−0.9575−0.14i : line ∼ 1−η .[0,1]

Theorem (for η = 1, Ω regular)

σess(A1) =
{

0, 1
2 ,1

}
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Reduction modulo compact operators

Commutators etc:

Aηu(x) = ∇x

∫
Ω
∇y gk (x−y) ·u(y)η(y)dy −k2

∫
Ω

gk (x−y)u(y)η(y)dy

= η(x)∇x

∫
Ω
∇y g0(x−y) ·u(y)dy +Ku(x)

=
(
ηA+K

)
u(x) , K : L2(Ω)→ L2(Ω) compact

Aη ≈ ηA with A = A{η≡1;k=0}

From now on: Study spectral theory of A in L2(Ω).

Au(x) = ∇x

∫
Ω
∇y

1
4π|x−y |

·u(y)dy
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Heuristics: “Aether waves”

Au(x) = ∇x

∫
Ω
∇y

1
4π|x−y |

·u(y)dy

⇒
(
λ −A

)
u(x) =

(
−λ∆+∇div

)∫
Ω

1
4π|x−y |

u(y)dy

Similar to COSSERAT eigenvalue problem in elasticity, with boundary
conditions of the Newton potential (exterior Calderón projector).

The differential operator −λ∆+∇div = λ curlcurl+(1−λ )∇div :

λ = 0 : ∇div : not elliptic
λ = 1 : curlcurl : not elliptic

all other λ : elliptic, but...

λ =
1
2

: curlcurl+∇div : does not admit any
elliptic boundary conditions.
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Analysis: Helmholtz decomposition

Orthogonal decompositions:

L2(Ω)3 = ∇H1
0 (Ω)⊕V ; V = H(div0,Ω)

= ∇H1(Ω)⊕V0 ; V0 = H0(div0,Ω)

= ∇H1
0 (Ω)⊕V0⊕W ; W = ∇H1(Ω)∩V : harmonic vector fields

Recall: Au(x) = ∇x

∫
Ω
∇y

1
4π|x−y |

·u(y)dy

Lemma 2 (Integration by parts)

u ∈ ∇H1
0 (Ω) =⇒ Au= u

u ∈ V0 =⇒ Au= 0
u ∈W =⇒ Au= ∇S(γnu) ∈W

S : single layer potential

Isomorphisms: W 3 u ↔ γnu = n ·u
∣∣
∂Ω
∈ H−1/2

∗ (∂Ω)

A
∣∣
W ↔ ∂nS =

(1
2

+K ′) ∣∣
H−1/2
∗ (∂Ω)
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The Essential Spectrum

Theorem 1
• If Ω is smooth, then

σess(Aη) = {0}∪
{

η(x) | x ∈ Ω
}
∪

{η(x)

2
| x ∈ ∂Ω

}
• If Ω is Lipschitz, then there exists J ⊂⊂ (0,1) such that

σess(Aη)⊂ {0}∪
{

η(x) | x ∈ Ω
}
∪

{
η(x)t | x ∈ ∂Ω; t ∈ J

}

OK, but...

Suitable for discretizations?
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Strong ellipticity (⇒ stability of Galerkin methods)

Lemma 3

∀u ∈ L2(Ω)3 : 0≤ (u,Au)≤ ‖u‖2
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Strong ellipticity (⇒ stability of Galerkin methods)

Lemma 3

∀u ∈ L2(Ω)3 : 0≤ (u,Au)≤ ‖u‖2

Proof: Fourier transformation of extension by zero ũ.

(u,Au) =
∫ ∫

R3
ũ(x)∇x ∇y g0(x−y) · ũ(y)dydx

=
∫

R3
F ũ(ξ )>

ξ ξ>

|ξ |2
F ũ(ξ )dξ

=
∫

R3

∣∣∣∣ ξ

|ξ |
·F ũ(ξ )

∣∣∣∣2 dξ

≤
∫

R3
|F ũ(ξ )|2 dξ = ‖u‖2
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Strong ellipticity (⇒ stability of Galerkin methods)

Lemma 3

∀u ∈ L2(Ω)3 : 0≤ (u,Au)≤ ‖u‖2

Theorem 2

Let η(x) = 1− εr (x) ∈ C1(Ω), Reεr (x)≥ ε1 > 0 (∀x ∈ Ω).

Then there exist c > 0, K : L2(Ω)→ L2(Ω) compact, such that

Re
(
u,(1−Aη)u

)
≥ c ‖u‖2− (u,Ku)
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Lemma 3

∀u ∈ L2(Ω)3 : 0≤ (u,Au)≤ ‖u‖2

Theorem 2

Let η(x) = 1− εr (x) ∈ C1(Ω), Reεr (x)≥ ε1 > 0 (∀x ∈ Ω).

Then there exist c > 0, K : L2(Ω)→ L2(Ω) compact, such that

Re
(
u,(1−Aη)u

)
≥ c ‖u‖2− (u,Ku)

Proof: Set ε−(x) = min{1,Reεr (x)}, u1 =
√

Reεr − ε−u, u2 =
√

1− ε−u.

Re
(
u,(1−Aη )u

)
≈

(
u,(1− (1−Reεr )A)u

)
=

(
u,ε−u

)
+

(
u,(Reεr − ε

−)A)u
)
+

(
u,(1− ε

−)(1−A)u
)

≈
(
u,ε−u

)
+

(
u1,Au1

)
+

(
u2,(1−A)u2

)
≥

(
u,ε−u

)
≥ c ‖u‖2 , c = min{1,ε1}
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Motivation: Some dielectric scatterers
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Motivation: Shape optimisation of dielectric lens
6 TITLE WILL BE SET BY THE PUBLISHER

Figure 6. Optimized shape of the lens
for a flat-top illumination.

Figure 7. Computed radiation pat-
terns in both principal planes at
28GHz. Solid grey line: power tem-
plate. Solid and dotted black lines: co-
polarization components in E- and H-
planes.

Figure 8. Double-shell optimized ILA.

4. CONCLUSION AND FUTURE TRENDS

This paper describes two design methodologies for the optimization of shaped Integrated Lens Antennas
(ILAs) for shaped beam applications at millimeter waves. The first approach is based on the local optimization
of a synthesized lens profile, solution of a Monge-Ampère problem. Although powerful, this technique is presently
restricted to the design of large and single-shell ILAs. An alternative solution consists in combining a global
optimization algorithm (like a Genetic Algorithm) to high-frequency techniques (like the Geometrical Optics
- Physical Optics method). Numerical examples have highlighted the main characteristics and limitations of
these design tools.

Future trends concern the size reduction or the achievement of very large bandwidth ILAs. To this end,
multi-shell structures or complex-media based devices are possible candidates. The improvement of the radiation
characteristics of lenses (high-efficiency beam formers, low-cost multiple-beam lenses, reconfigurable focusing
systems) should also be considered. To meet these requirements, specific and efficient numerical tools must be
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The dielectric scattering problem: Mathematical model

!-
!+

!

supp J

Maxwell equations in R3

curlE− i k H = 0
curlH + i k εr E = J

Relative permittivity εr =
ε

ε0
. In Ω+: εr = 1.

Def: η := 1− εr =⇒ suppη ⊂ Ω−

k = ω
√

ε0µ0; µ ≡ µ0 in R3.

• J ∈ H(div)
• E ,H ∈ L2

loc
• radiation condition

Jumps on Γ: [n×E ] = 0 = [n×H]; [n ·H] = 0; [n · εE ] = 0
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The Lippmann-Schwinger equation [ according to Colton-Kress ’98 ]

Helmholtz equation in R3 with variable k(x): k(x)≡ k = const in Ω+

(∆+k(x)2)u = f
(∆+k2)u = f − (k(x)2−k2)u =: f −κu

−u = gk ∗ (f −κu)

u−gk ∗ (κu) = −gk ∗ f

gk (x) =
eik |x |

4π|x |

2nd kind weakly singular integral equation in Ω−

u(x)−
∫

Ω−
gk (x−y)κ(y)u(y)dy =−

∫
Ω−

gk (x−y)f (y)dy
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Maxwell → Helmholtz (“dyadic Green function”)

−(∆+k2) =
1
k2 (∇div+k2)(curlcurl−k2)

curlcurlE−k2
εr E = ikJ

curlcurlE−k2E = ikJ−k2
ηE

−(∆+k2)E = − 1
ik ∇divJ + ikJ− (∇div+k2)(ηE)

E = F −gk ∗ (∇div+k2)(ηE)

2nd kind strongly singular integral equation in Ω = Ω−

E−∇divgk ∗ (ηE)+k2gk ∗ (ηE) = F

(VIE)

E(x)−∇x

∫
Ω−

∇y gk (x−y) ·E(y)η(y)dy +k2
∫

Ω−
gk (x−y)E(y)η(y)dy = F (x)
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