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The Volume Integral Equation in dielectric scattering

Q c R3: bounded domain

n € C'(Q): “dielectric contrast”
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Martin Costabel (Rennes) Dielectric scattering Saarbriicken May 2008 2/16



The Volume Integral Equation in dielectric scattering

Q) ¢ R3: bounded domain

n € C'(Q): “dielectric contrast”
eik\x\

gk(x):m: fundamental solution of Helmholtz equation

() = Vi [ )% @elx =) -uly)oy + K[ n(¥)gk(x —y)u(y)ay = 1(x)

Martin Costabel (Rennes) Dielectric scattering Saarbriicken May 2008 2/16



The Volume Integral Equation in dielectric scattering

Q) ¢ R3: bounded domain

n € C'(Q): “dielectric contrast”
eik\x\

gk(x):m: fundamental solution of Helmholtz equation

() = Vi [ )% @elx =) -uly)oy + K[ n(¥)gk(x —y)u(y)ay = 1(x)

(1-Aju=f

Martin Costabel (Rennes) Dielectric scattering Saarbriicken May 2008 2/16



1. Numerical methods:

J. P. Kottmann, O. J. F. Martin (2000)

C. C. Lu (2003)

M. M. Botha (2006)

M. I. Sancer, K. Sertel, J. L. Volakis, P. V. Alstine (2006)

2. Discussion of the spectrum:
J. Rahola (2000)
N. V. Budko, A. B. Samokhin (2006)

3. Theory, in H(curl,Q):
A. Kirsch (2007)

4. Collaboration in Rennes:
PhD thesis El Hadji Koné (2005-)
E. Darrigrand.

Martin Costabel (Rennes) Dielectric scattering Saarbriicken May 2008



The Volume Integral Operator

Anu(x) = ¥ [ %6(x=y)- (nu) )y — K2 gi(x—y)(nu)(y)dy

The Problem: Spektrum of A, ?
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domains, the integral equation always has a unique solution.

Simple observations:
A, maps boundedly :  L3(Q) to L3(Q)
(not compagctly ) H(curl,©2) to H(eurl,Q)
H(div,Q) to H(div,Q)

Yuel?(Q):  divAyu = div(nu) in Q
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A numerical spectrum [from J. Rahola SIJSC 2000]
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Fic. 3.1. Eigenvalues of the coefficient matriz for a spherical scatterer of radius kr = 1 and

refractive index m = 1.4+ 0.05:. The sphere is discretized with 136 computational cells (upper) and
480 computational cells (lower).

n=1-m?=-0.9575-0.14i : line ~1—7.[0,1]
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Fic. 3.1. Eigenvalues of the coefficient matriz for a spherical scatterer of radius kr = 1 and
refractive index m = 1.4+ 0.05:. The sphere is discretized with 136 computational cells (upper) and

480 computational cells (lower).

n=1-n?
Conjecture (forn =1)

=-0.9575-0.14i :  line ~1-1.[0,1]

Oess(A1) = [0,1]
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A numerical spectrum [from J. Rahola SIJSC 2000]

kr=1, m=1.4+0.05%
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Fic. 3.1. Eigenvalues of the coefficient matriz for a spherical scatterer of radius kr = 1 and
refractive index m = 1.4+ 0.05:. The sphere is discretized with 136 computational cells (upper) and
480 computational cells (lower).

n=1-m?=-09575-0.14i: line ~1-n.[0,1]
Theorem (for n = 1, Q regular)

Gess(Aq) = {0,%,1}
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Reduction modulo compact operators

Commutators etc:

Anu(x /V}/gk (x=y)-u(y)n (y)dy—kz/ngk(x—y)U(Y)n(y)dy
(x)Vx / Vy9o(x —y)-u(y)dy + Ku(x)
= (MA+K)u(x),  K:L*(Q)— L3Q) compact

AU %T]A with A:A{T]E1;k:0}
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Reduction modulo compact operators

Commutators etc:

Anu(x /V}/gk (x=y)-u(y)n (y)dy—kz/ngk(x—y)U(Y)n(y)dy
(x)Vx / Vy9o(x —y)-u(y)dy + Ku(x)
= (MA+K)u(x),  K:L*(Q)— L3Q) compact

AU %T]A with A:A{nz1;k:0}

From now on: Study spectral theory of A in L2(Q). J
AUx) = Vi [¥y 7t u(y)d
Vazx—y] Y J
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Heuristics: “Aether waves”

Au(x) = VX/V u(y)dy

1
o anlx—y|

= (A—A)u(x) = (—AA+Vdiv)/Q4n|):_y|u(y)dy
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Heuristics: “Aether waves”

Au(x) = VX/V u(y)dy

1
o anlx—y|

= (A—A)u(x) = (—AA+Vdiv)/Q4n|):_y|u(y)dy

Similar to COSSERAT eigenvalue problem in elasticity, with boundary
conditions of the Newton potential (exterior Calderdn projector). J

The differential operator —A A+ Vdiv= A curlcurl+(1—-21)Vdiv:

A=0: Vdiv : not elliptic
A=1: curlcurl : not elliptic
all other A : elliptic, but...
1 .
A= 5 curlcurl+Vdiv : does not admit any

elliptic boundary conditions.
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Analysis: Helmholtz decomposition

Orthogonal decompositions:
L2(QP=VH}(Q)a V; V = H(div0,Q)
=VH Q) Vo ; Vo = Ho(div0,Q)
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Analysis: Helmholtz decomposition

Orthogonal decompositions:
L2(QP=VH}(Q)a V; V = H(div0,Q)
=VH' (Q)a Vp ; Vo = Ho(div0,Q)
=VHI(QaeVweW;  W=VH'(Q)nV : harmonic vector fields

1

Lemma 2 (Integration by parts)

UeEVHI(Q) = Au=u
ue Vo= Au=0
uveW= Au=VS(yu)eW
S : single layer potential

Isomorphisms: 5 ;s y,u = n-ul,, € H:12(90)

1
A‘W «— 8,78: (E +K/) |H* 1/2(39)
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The Essential Spectrum

o If Q is smooth, then

Gu(An) = 10} U {n(0) | x ey U {1 | x c o)
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The Essential Spectrum

o If Q is smooth, then

— X
Oess(An) = {0} U {n(x) | x e Q}uU {% | x € 9Q}
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The Essential Spectrum

o If Q is smooth, then

— X
Oess(An) = {0} U {n(x) | x e Q}uU {% | x € 9Q}
o If Q is Lipschitz, then there exists J cC (0,1) such that

Gess(Aq) C {03U{n(x) | x €T U{n(x)t| x € 0Q;t € J}

OK, but...

Suitable for discretizations?
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Strong ellipticity (= stability of Galerkin methods)

VYue l2(Q)3: 0<(u,Au)<|ul?
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Strong ellipticity (= stability of Galerkin methods)

VYue l2(Q)3: 0<(u,Au)<|ul?

Proof: Fourier transformation of extension by zero .
(wAu) = [ [ 800%%yg0(x—y)-Ty)ayex

- [, 7ue) T%Ju(é)d&

e;\ o
< / | ZU(E) dE = |ul?
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Strong ellipticity (= stability of Galerkin methods)

VYue l2(Q)P®: 0<(u,Au)<|ul?

Let n(x) =1—¢&(x) € C'(Q), Regr(x)>¢g >0 (Vx Q).
Then there exist ¢ > 0, K : L?(Q) — L?(Q2) compact, such that

Re(u,(1—An)u) > clul? - (u, Ku)
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Strong ellipticity (= stability of Galerkin methods)

Vue l2(Q)P®: 0<(u,Au) < |ul?

Theorem 2
Let n(x) =1—¢&(x) € C'(Q), Regr(x)>¢e >0 (Vx Q).
Then there exist ¢ > 0, K : L2(Q) — L2(Q) compact, such that

| A\

Re(u, (1 - An)u) > c||ul® - (u,Ku)

Proof: Set e~ (x) = min{1,Re&r(x)}, Uy = vVRegr—e u, o =+v1—¢u.
Re(u,(1—Ap)u) = (u,(1—(1—Reg)A)u)
= (u,e u) + (u,(Regr — " )A)u) + (u,(1 —€7)(1 - A)u)
~ (u,eu)+ (ur,Aup) + (U, (1-A)p)
> (u,e”u)
>c|lul?2, c=min{1,&}
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Motivation: Some dielectric scatterers

ILA pour communication indoor & 62GHz. R ILA C(‘)mpacte pour communication par
Source : IST satellite 8 499GHz [7]. Source : IETR
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ape optimisatio dielectric lens
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FIGURE 6. Optimized shape of the lens FIGURE 7. Computed radiation pat-

for a flat-top illumination. terns in both principal planes at
28GHz. Solid grey line: power tem-
plate. Solid and dotted black lines: co-
polarization components in E- and H-
planes.
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The dielectric scattering problem: Mathematical model

Qr Maxwell equations in R3

curlE—-ikH = 0
supp) curlH+ikeE = J

'/

: N L J € H(div)
Relative permittivity &, = —. InQt: e,=1.| °
p y r go r ° E,He leoc
Def: n:=1—¢& = suppn C Q- e radiation condition

k = w\/Elg; 1 = Hg in R3.
JumpsonTl: [nxE]=0=[nxH]; [n-H]=0; [n-€eE]=0
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The Lippmann-Schwinger equation [ according to Colton-Kress '98 |

Helmholtz equation in R3 with variable k(x):

(A+k(x)?)u

(A +K%)u
—u

U — gk * (ku)

9k(x)

f

k(x) =k =constin QF

f—(k(x)?2—k?)u=:f—xu

ik * (f — xu)

—0k * f
eik\x\

47|x|

2nd kind weakly singular integral equation in 2~

u() = [ ax=yxudy == [ ax-y)iy)dy
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Maxwell — Helmholtz (“dyadic Green function”)

"
—(A+K?) = @ (Vdiv+k?) (curlcurl —k?)
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Maxwell — Helmholtz (“dyadic Green function”)

"
—(A+K?) = @ (Vdiv+k?) (curlcurl —k?)

curleurl E —k?s,E = ikJ
curleurlE—k’E = ikJ—k?®nE
—(A+K2)E — £V divd + ikJ — (Vdiv+k?)(nE)
E = F—gx+(Vdiv+k®)(nE)
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Maxwell — Helmholtz (“dyadic Green function”)

"
—(A+K?) = @ (Vdiv+k?) (curlcurl —k?)

curleurl E —k?s,E = ikJ
curleurlE—k’E = ikJ—k?®nE
—~(A+KA)E = —LVdivd+ik)—(Vdiv+k?)(nE)
E = F—gxx(Vdiv+k?)(nE)

2nd kind strongly singular integral equation in Q = Q~

E—Vdivge*(nE)+k?gxx(NE) = F

(VIE)
E()—Vx [ Vygulx=y)- EQ)dy+ K [ glx—=y)En(y)dy = F(x)
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